We study the spaces of locally-finite stability conditions on the derived categories of coherent sheaves on the minimal resolutions of A n -singularities supported at the exceptional sets. Our main theorem is that they are connected and simply-connected. The proof is based on the study of spherical objects in [30] and the homological mirror symmetry for A n -singularities.
Introduction
The theory of stability conditions on triangulated categories is introduced by Bridgeland [9] based on the work of Douglas et al. [2, 15, 16, 17, 18] on the stability of BPS D-branes. It is a fine mixture of the theory of t-structures [3] and the slope stability [36] , which allows us to represent any object in a triangulated category as a successive mapping cone of semistable objects in a unique way. He proved that the set Stab T of stability conditions on a triangulated category T satisfying an additional assumption called localfiniteness has a natural structure of a complex manifold, and proposed to study this manifold as an invariant of T . Since the definition of stability conditions uses only the triangulated structure of T , the group Auteq T of triangle autoequivalences of T naturally acts on the manifold Stab T , suggesting a geometric approach to study the structure of Auteq T .
Such an approach has been pursued by Bridgeland himself [11] when T is the bounded derived category D(X) of coherent sheaves on a complex algebraic K3 surface X, leading him to the following remarkable result and conjecture: There is a distinguished connected component Σ(X) of the space Stab X of locally-finite, numerical stability conditions on D(X). His conjecture is; (i) Σ(X) is preserved by Auteq D(X), and (ii) Σ(X) is simply-connected.
Assuming this conjecture, he could prove that Auteq D(X) is an extension of the index two subgroup Aut + H * (X, Z) of the group of Hodge isometries of the Mukai lattice of X by the fundamental group π 1 P + 0 (X) of the period domain of X.
For a positive integer n, let
be the minimal resolution of the A n -singularity. Let further D be the bounded derived category D Z (X) of coherent sheaves on X supported at the exceptional set Z, and C be its full triangulated subcategory consisting of objects E satisfying Rf * E = 0. The categories C and D serve as toy models of the derived categories of coherent sheaves on K3 surfaces. The main result in this paper is the following: This result, together with the simply-connectedness of a distinguished connected component of Stab C proved by Thomas [42] , shows that the above conjecture of Bridgeland holds in these cases. When n = 1, the connectedness of Stab D has also been proved by Okada [37] .
The organization of this paper is as follows: In §2, we collect basic definitions and known results used in this paper. In §3, we recall the McKay correspondence for A n -singularities in such a way that is valid in any characteristic. In §4, we give the proof of the connectedness of Stab D. The basic strategy is to find a stability condition in any given connected component such that structure sheaves of all the closed points are stable. The proof of the simply-connectedness of Stab D can be reduced to the faithfulness of an affine braid group action on D by Bridgeland [11] . In §5, we use the homological mirror symmetry for A n -singularities and ideas from Khovanov and Seidel [33] to reduce the problem of the faithfulness in characteristic two to that of configurations of real curves on a punctured disk and solve it. In §6, we use the deformation theory of complexes by Inaba [29] to lift the result in §5 to any characteristic. In §7, we give the proof of the connectedness of Stab C. Here we cannot use the algebro-geometric argument as in the case of Stab D, since C does not contain any skyscraper sheaves. Instead, we use the result in [30] and ideas from [33] to reduce the problem of the connectedness of Stab C to that of configurations of curves on a disk. In the appendix, we prove that every autoequivalence of D is given by an integral functor.
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Generalities
We collect basic definitions and known results in this section. All the categories appearing in this paper will be essentially small. For a triangulated category T , K(T ) denotes its Grothendieck group, and for an object E ∈ T , [E] will denote its class in K(T ). For two objects E, F ∈ T and i ∈ Z, Hom * T (E, F ), Hom 
Stability conditions on triangulated categories
The following definition is introduced by Bridgeland [9] based on the work of Douglas et al. [2, 15, 16, 17, 18] on the stability of BPS D-branes: Definition 2. A stability condition σ = (Z, P) on a triangulated category T consists of
• a group homomorphism Z : K(T ) → C, and
• full additive subcategories P(φ) for φ ∈ R satisfying the following conditions; (i) if 0 = E ∈ P(φ), then Z(E) = m(E) exp(iπφ) for some m(E) ∈ R >0 , (ii) for all φ ∈ R, P(φ + 1) = P(φ) [1] , (iii) for A j ∈ P(φ j ) (j = 1, 2) with φ 1 > φ 2 , we have Hom T (A 1 , A 2 ) = 0, (iv) for every nonzero object E ∈ T , there is a finite sequence of real numbers φ 1 > φ 2 > · · · > φ n and a collection of triangles
with A j ∈ P(φ j ) for all j.
Z is called the central charge, and the collection of triangles in (1) is called the Harder-Narasimhan filtration. It follows from the definition that P(φ) is an abelian category, and its non-zero object E ∈ P(φ) is said to be semistable of phase φ. E is said to be stable if it is a simple object of P(φ), i.e., there are no proper subobjects of E in P (φ). By [9, Proposition 5.3] , to give a stability condition on a triangulated category T is equivalent to giving a bounded t-structure on T and a stability function (previously called a centered slope-function) on its heart with the Harder-Narasimhan property. For the definitions of a stability function and the Harder-Narasimhan property, see [9, §2] .
The set of stability conditions satisfying a certain technical condition called local-finiteness [9, Definition 5.7 ] is denoted by Stab T . This condition ensures that each P(φ) is a finite length category so that each semi-stable object has a Jordan-Hölder filtration. By combining it with the HarderNarasimhan filtration, any nonzero object E ∈ T admits a decomposition as in (1) such that A j ∈ P(φ j ) is stable for all j and φ 1 ≥ φ 2 ≥ · · · ≥ φ n . Bridgeland introduces a natural topology on Stab T such that the forgetful map Hence Stab T forms a (possibly infinite-dimensional) complex manifold modeled on the topological vector space V (Σ). When T = C or D, K(T ) is finite-dimensional, and we prove in Lemma 15 that V (Σ) always coincides with Hom(K(T ), C).
Since the definition of Stab T uses only the triangulated structure of T , the group Auteq T of triangle autoequivalences of T acts naturally on Stab T from the left; for σ = (Z, P) ∈ Stab T and Φ ∈ Auteq T ,
where Φ * is the pull back by the inverse of the automorphism Φ * : K(T ) → K(T ) induced by Φ. This action commutes with the right action of the universal cover GL + (2, R) of the general linear group GL + (2, R) with positive determinant, which "rotates" the central charge [9, Lemma 8.2].
Minimal resolutions of A n -singularities
We consider an arbitrary field k. The case char(k) = 2 will be important later. For a positive integer n, let
be the minimal resolution of the A n -singularity. The exceptional set of f will be denoted by
where C i 's are irreducible (−2)-curves such that C i ∩C j = ∅ if |i−j| > 1. Let D k be the bounded derived category of coherent sheaves on X supported at Z and C k be its full triangulated subcategory consisting of objects E satisfying
Here, ω Z is the dualizing sheaf of Z. Then we have
where • denotes the smallest full triangulated subcategory of D k containing them. We simply write C and D instead of C C and D C respectively. For E, F ∈ D k , define the Euler form by
which descends to a bilinear form on K(D k ). By the Riemann-Roch formula, we have
The Euler form χ endows K(D k ) with the structure of the affine root lattice of type A
n . Let δ ∈ K(D k ) be the class of the structure sheaf of a closed point with residue field k. Then an imaginary root is a non-zero element of Zδ ⊂ K(D k ).
Lemma 4.
If E ∈ D is stable with respect to some stability condition, then
Proof. The stability of E implies Hom 
The proof of Lemma 4 shows the following:
A spherical object E ∈ D k gives rise to an autoequivalence of D k through the twist functor T E , defined as the Fourier-Mukai transform with
as the kernel [41] . Define
Define the braid group B n as the group generated by σ 1 , . . . , σ n subject to relations
It has the following topological description: Let
be a Cartan subalgebra of the complex simple Lie algebra of type A n , and h reg be the complement of its root hyperplanes;
The Weyl group W ∼ = S n+1 acts on h by permutations, and h reg is the set of regular orbits of W . Then B n is isomorphic to the fundamental group of the quotient h reg /W [13, 14] . It follows that B n has another topological description: Let ∆ = {1, ζ, ζ 2 , . . . , ζ n } be the set of (n + 1)-th roots of unity and Diff 0 (C) be the group of diffeomorphisms of C which are the identity map outside compact sets. Then there is a map Diff 0 (C) → h reg /W which sends φ ∈ Diff 0 (C) to [φ(∆) − n i=0 φ(ζ n )/(n + 1)]. This map is a Serre fibration whose fiber over [∆] is the subgroup Diff 0 (C; ∆) ⊂ Diff 0 (C) which fixes ∆ as a set. From the long exact sequence of homotopy groups associated to this fibration, we can see that
The assignment σ i → T E i for i = 1, . . . , n defines a homomorphism from B n to Br(C), which is injective by Khovanov, Seidel, and Thomas [33, 41] . This result is the key to the proof of the simply-connectedness of a distinguished connected component of Stab C by Thomas [42] . Now define the affine braid group B
(1) n to be the group generated by σ 0 , . . . , σ n subject to relations
Here, we put σ n+1 = σ 0 by notation. Let h reg be the complement of the affine root hyperplanes in h = h ⊕ C;
The affine Weyl group W acts freely on h reg , and the fundamental group of the orbit space h reg / W is given by B
n × Z by [19] . The group B (1) n also admits the following topological interpretation: Let Diff 0 (C × ) be the group of diffeomorphisms of C × which are the identity maps outside compact sets and Diff 0 (C × ; ∆) be its subgroup fixing ∆ as a set. We can define a homomorphism
n to the group of connected components of Diff 0 (C × ; ∆) by sending σ i to the class of a diffeomorphism of C × which permutes two neighboring points ζ i and ζ i+1 for i = 0, . . . , n. This homomorphism is known to be injective (cf. [32] ).
The assignment σ i → T E i for i = 0, . . . , n defines a homomorphism
which can be extended to a surjective homomorphism
Here, since Br(D k ) does not contain any power of the shift functor, the right-hand side is considered as a subgroup of Auteq D k so that the second factor Z corresponds to the group generated by the shift functor [2] . In [11] , Bridgeland shows the following theorem for any Kleinian singularities, that is, rational double points over C. Hence we have the canonical group homomorphism
Bridgeland also shows that this homomorphism coincides withρ. Therefore if ρ is injective, we conclude that the connected component in Theorem 7 is simply connected. We prove the connectedness of Stab D in §4 and the injectivity of ρ in §5 and §6. These results, together with the above theorem of Bridgeland, gives the following explicit description of Stab D:
As for Stab C, a result of Thomas [42] shows that there is a distinguished connected component of Stab C which is the universal cover of h reg /W . We will prove the connectedness of Stab C in §7, so that this connected component is the whole of Stab C.
The McKay correspondence
We collect basic facts on the McKay correspondence in this section. We expect that the result in this section is well-known to experts, although we have been unable to locate an appropriate reference. Throughout this section, k will denote a field of any characteristic. We restrict our discussion to the case of A n -singularities since it is the only case in need in this paper. For a noetherian k-algebra A, the abelian category of finitely-generated right A-modules will be denoted by mod A.
Path algebra and the endomorphism algebra of a reflexive module
Let A
n be the preprojective algebra for the affine Dynkin quiver of type A (1) n , described explicitly as follows: As a k-vector space, A (1) n is generated by the symbols (i 1 |i 2 | . . . |i l ) for l ≥ 1, i m ∈ Z/(n + 1)Z and i m+1 = i m ± 1. The multiplication is defined by
and the relations are generated by
) be the affine coordinate ring of the rational double point of type A n . For an integer a = (n + 1)q + r with 0 ≤ r ≤ n, consider the fractional ideal I a = (y q+1 , y q z r )O of O. I a 's are reflexive Omodules such that I a ∼ = I b if and only if a − b is divisible by n + 1. For i ∈ Z/(n + 1)Z, we lift i to a ∈ Z with 0 ≤ a ≤ n and put E i = I a . For an integer b = q(n + 1) + r with 0 ≤ r ≤ n, we fix the isomorphism I b ∼ = E (b mod n+1) = I r given by the multiplication by y −q . Consider the
E is an A
n ⊗ k O-module in the following way. The idempotent (i) acts as the projection of E to I i . The path (i|i + 1) corresponds to the homomorphism I a ·z −→ I a+1 given by the multiplication by z, where a ∈ Z is a lift of i. The path (i|i − 1) goes to the inclusion I a ֒→ I a−1 . Then it is easy to see that we obtain an A (1) n ⊗ k O-action on E. Thus we have a k-algebra homomorphism
Proof. We first note that an element of A (1) n is a k-linear combination of the elements P (i, l, m) defined as follows for i ∈ Z/(n + 1)Z and l, m ∈ Z with m ≥ 0:
To show that η is an isomorphism, it is sufficient to show that the restricted map η ij : (i)A
(1)
is bijective for i, j ∈ Z/(n + 1)Z. Lift i, j to a, a + r ∈ Z with 0 ≤ r ≤ n. Then we have isomorphisms
If l = q(n+1)+r with q ≥ 0, then P (i, l, m) is mapped to x q z m+r ∈ I r and if l = −q(n + 1) + r < 0 with q > 0, then P (i, l, m) is mapped to y q z m ∈ I r . Moreover, the monomials x q z m+r (q ≥ 0, m ≥ 0) and y q z m (q > 0, m ≥ 0) form a k-linear basis of I r . Therefore, η ij must be bijective.
A full sheaf as a projective generator
Let f : X → Y = Spec O be the minimal resolution and −1 Per(X/Y ) be the abelian category of perverse sheaves introduced by Bridgeland [8] ; an object E ∈ −1 Per(X/Y ) is a bounded complex of coherent sheaves on X such that its cohomology sheaves satisfy
and
for any coherent sheaf F on X satisfying Rf * F = 0. For a reflexive O-module F , put
which is a locally free sheaf on X(see [1] ). A locally free sheaf of this form is called a full sheaf. It is proved in [20] that a locally free sheaf F on X is a full sheaf if and only if the following two conditions are satisfied:
(i) F is generated by its global sections.
(
The following result is due to Van 
n of finitely-generated right A
n -modules.
Proof. Put E = ⊕ i∈Z/nZ E i be as in the previous subsection. Since
the corresponding full sheaf E has an ample first Chern class and is hence a projective generator of
n .
Let mod 0 A
n be the abelian category of finitely-generated nilpotent right A 
n . When k contains a primitive (n + 1)-th root ζ of unity, Y is isomorphic to the quotient A 2 /G of the affine plane by the natural action of the subgroup G of SL 2 (k) generated by the diagonal matrix diag(ζ, ζ n ). Since A
n is isomorphic to the crossed product k[x, y] ⋊ k[G] of the polynomial ring with the group ring, the category of finitely-generated nilpotent A (1) n -modules is equivalent to the category coh
supported at the origin:
Hence Theorem 11 in this case gives the equivalence
of triangulated categories, first proved by Kapranov and Vasserot [31] (see also Bridgeland, King, and Reid [12] ).
Connectedness of Stab D
We prove the connectedness of Stab D in this section. Our strategy is the following:
Then U is connected. The proof is parallel to the K3 case due to Bridgeland [10, §9] .
(ii) The connected component of Stab D containing U is preserved by the action of Br(D). This follows from [11, Theorem 1.1] since U belongs to the distinguished connected component studied by Bridgeland.
(iii) For any connected component Σ of Stab D, there is a stability condition σ = (Z, P) ∈ Σ such that Z(O x ) ∈ R <0 for a closed point x ∈ Z and Z(E) ∈ R for any spherical object E.
(iv) For a stability condition σ as above, there is a σ-stable object ω ∈ P(1) satisfying some technical conditions.
(v) The technical conditions together with a result in [30] imply the existence of a closed point x ∈ Z, an autoequivalence Φ ∈ Br(D), and an
(vi) If O x is stable with respect to a stability condition σ for some point x ∈ C i , then σ induces stability conditions on D Z ′ (X) and D Z ′′ (X), where D Z ′ (X) and D Z ′′ (X) are the full triangulated subcategories of D consisting of objects supported at
(vii) This proves the existence of an autoequivalence Φ ∈ Br(D) such that Φσ belongs to U by induction on n.
Note that the above argument except for (v) works not only for A n -singularities but also for any rational double points in dimension two.
The connected component containing U
Here we collect basic results on the connected component of Stab D containing a stability condition where the structure sheaves of all the closed points are stable. The following lemma is taken from [10, Lemma 6.1]:
Lemma 12. For a stability condition σ = (Z, P) and a closed point x ∈ Z, assume that O x is σ-stable of phase 1.
(ii) If E ∈ P(1) and E is stable, then
The following two lemmas are also essentially due to Bridgeland, whose proofs we include for completeness. The proof of Lemma 13 is similar to, but easier than, the corresponding statement for K3 surfaces in [10, §9] . As for Lemma 14, we use the result in [11] rather than imitate the proof in [10, §10] .
Proof. Consider the following subset V of U:
First note that for any stability condition σ ∈ U, the phase φ(O x ) of the structure sheaf of any closed point x ∈ Z is the same by Lemma 12. Therefore we can take any stability conditions in U into V by the action of the connected group GL + (2, R). Hence it suffices to show that V is connected. Take a stability condition σ = (Z, P) ∈ V . Lemma 12 implies that the heart P((0, 1]) coincides with the abelian category coh Z (X) and every onedimensional sheaf in coh Z (X) has the phase φ with 0 < φ < 1. It follows that Z belongs to the subset L of Hom(K(D), C) defined by
Here A(X/Y ) is the ample cone in N 1 (X/Y ) and
, which is clearly injective. We show in the proof of Lemma 15 that
Therefore Z| V is also a local homeomorphism. To show that it is surjective, take any
is a stability function on coh Z X. To show that it has the Harder-Narasimhan property, we check the conditions (a) and (b) in [11, Proposition 2.4] . Condition (a) follows from the fact that for any infinite sequence
of proper subobjects, there is a natural number N such that for any l > m > N, the difference [
is a positive multiple of δ defined in page 5. Since coh Z X is noetherian, there is no infinite sequence of proper quotients and the condition (b) is automatic. Local-finiteness also follows from a similar reasoning. Hence Z| V gives a homeomorphism from V to L, which is connected.
Lemma 14. The connected component of Stab D containing U is preserved by the action of Br(D).
Proof.
Moreover, we can easily check that the sheaves O C j (−1) for j = 1, . . . , n and ω Z are σ-stable. Thus, if we take α ∈ (0, 1/2) with tan(πα) > n, then the abelian category P((α,
, which corresponds to the simple A (1) n -modules by the McKay correspondence. Since both are the hearts of bounded tstructures, they must coincide;
This shows that σ lies in the distinguished connected component appearing in the work of Bridgeland [11] . Hence it is preserved by the action of Br(D) [11, Theorem 1.3].
Perturbation Lemma
Here we prove the following lemma. Recall that δ ∈ K(D) is the class of the structure sheaf of a closed point.
Proof. Recall that in the proof of Theorem 3, Bridgeland describes V (Σ) explicitly as
where
for a stability condition σ = (Z, P) ∈ Σ. He also shows that V (Σ) does not depend on the choice of σ. Now we show that for any connected component Σ of Stab D, V (Σ) coincides with Hom(K(D), C). Let σ = (Z, P) be a stability condition in Σ. We want to show that U σ < ∞ for every U ∈ Hom(K(D), C).
We first consider the case where Z(δ) = 0. In this case, every stable object must be spherical and its class in the finite root lattice K(D)/Zδ is a root. Assume that E 1 and E 2 are stable objects from the heart P((0, 1]) such that their classes in K(D)/Zδ coincide. Then we have χ(E 1 , E 2 ) = 2 and Z(E 1 ) = Z(E 2 ). It follows that E 1 and E 2 have the same phase and there is a non-zero morphism between them. If this happens for stable objects E 1 and E 2 , then we must have E 1 ∼ = E 2 . Thus for every root in K(D)/Zδ, there is at most one corresponding stable object in P((0, 1]). This shows that there are only finitely many isomorphism classes of stable objects in P((0, 1]). Therefore, we have U σ < ∞ for every U.
Consider the remaining case: Z(δ) = 0. For a stable object, its class in the affine root lattice K(D) is a root. Hence there are finitely many stable objects E 1 , . . . , E m such that for every stable E, there exists E j with
converges for any U ∈ Hom(K(D), C), we obtain U σ < ∞. Therefore, we can find a stability condition
by the action of GL + (2, R). Since the set of classes of spherical objects in K(D)/Zδ is finite, we can perturb σ ′′ further to σ = (Z, P) satisfying Z(E) ∈ R for any spherical objects E, while keeping the condition Z(δ) ∈ R <0 intact.
If σ satisfies the conditions in Lemma 15, then the imaginary part Im Z defines a Weyl chamber of the finite root lattice K(D)/Zδ; the simple roots are linearly independent elements α 1 , . . . , α n ∈ K(D)/Zδ with Im Z(α i ) > 0 such that any root α ∈ K(D)/Zδ with Im Z(α) > 0 is a linear combination of α 1 , . . . , α n whose coefficients are non-negative.
Main Technical Lemma
Here we prove Lemma 16 , which lies at the heart of our proof of the connectedness of Stab D.
Lemma 16. Assume that a stability condition σ = (Z, P) satisfies the conditions in Lemma 15 . Then there are σ-stable spherical objects E, E ′ ∈ P((0, 1)) with Hom 1 D (E, E ′ ) = 0 and a σ-stable object ω ∈ P(1) which fit into the following short exact sequence in P((0, 1]);
Proof. The proof goes in five steps:
Step
We will show that there is a non-zero object in P (1), and the desired stable object in P(1) will be obtained as its Jordan-Hölder component.
First note that there are objects E 1 , E 2 of the heart A :
] ∈ Zδ and hence we have
It follows that at least one of Hom D (E 1 , E 2 ) and Hom D (E 2 , E 1 ) is non-zero. First assume that there is a non-zero morphism f : E 1 → E 2 and let F be the image of f in the abelian category P((0, 1]). If F ∈ P(1), then we are done. If not, put E ′ 1 := Kerf and E [F ] in the finite root lattice K(D)/Zδ are sums of positive roots, this process terminates after finitelymany steps. The case Hom D (E 2 , E 1 ) = 0 can be treated similarly. Hence there is a stable object in P (1) . Put a = min{l ∈ Z | there is a non-zero object ω ∈ P(1) such that [ω] = lδ} and let ω ∈ P(1) be a stable object such that [ω] = aδ.
Step 2. There is an object
Assume that Hom D (H, ω) = 0 for any H ∈ P((0, 1)). Since ω ∈ P(1) and H ∈ P((0, 1)), we also have
Moreover, it follows from [ω] ∈ Zδ that χ(ω, H) = 0. Then the Serre duality shows that Hom *
For a stable object ω ′ ∈ P(1) which is not isomorphic to ω, we have
This, together with χ(ω, ω ′ ) = 0 and the Serre duality again implies
Hence D admits an orthogonal decomposition
Step 3. There is an object E ∈ P((0, 1)) such that Hom D (E, ω) = 0 and for any non-zero subobject F ⊂ E in the abelian category P((0, 1]), the quotient object E/F lies in P(1).
If H in Step 2 satisfies the second condition in Step 3, put E = H. If not, then there is a non-zero subobject F ⊂ H such that H/F does not lie in P(1). If H/F is in P((0, 1)), then put H 1 = F and H 2 = H/F . If H/F is not in P((0, 1)), then let H 1 ⊂ H be the pull-back (to H) of the first Harder-Narasimhan factor of H/F and put H 2 = H/H 1 . Both H 1 and H 2 are in P((0, 1)) and either Hom
and the images of these objects in K(D)/Zδ are non-zero sums of positive roots. Thus we cannot repeat the process infinitely many times and
Step 3 is proved.
Step 4. Let f : E → ω be a non-zero morphism and put E ′ := Kerf in P((0, 1]). Then E and E ′ are stable and spherical.
Since E and E ′ are not in P(1), Lemma 6 implies that it suffices to show that they are stable. Let 0 = F E be a proper subobject. Then by Step 3, E/F is in P(1). From the equality
and the fact that
we obtain φ(F ) < φ(E). The proof of the stability of E ′ is the same.
Step 5. Hom
We will show that L is stable, which contradicts χ(L, L) = 8 and Lemma 4. Let M L be a non-zero proper subobject and put
Then there are three cases to be considered:
• The case F = 0 and F ′ = 0:
. From the equality
• The case F = 0 and
• The case F = 0 and F ′ = 0: If F = E, then (3) splits and contradicts our assumption. Hence we have F = E and [E/F ] = bδ with b > 0 by Step 3. Then our choice of ω implies a ≤ b. From the equality
Stabilizing a skyscraper sheaf
The proof of [30, Proposition 1.7] actually shows the following stronger result.
Lemma 17. Let E and E ′ be spherical objects in D satisfying 
Then there is an autoequivalence
Φ ∈ Br(D)×Z such that Φ(E ′ ) ∼ = O C l (a−1) and Φ(E) ∼ = O C l (a)
Induction Lemma
Here we prove Corollary 21, which states that a stability condition σ which stabilizes the skyscraper sheaf O x for some closed point x ∈ C i induces a stability condition on the subcategory of D consisting of objects supported at Z ′ = i =j C j . The following lemma is a consequence of Lemma 12:
be a collection of triangles such that for some real numbers Proof. We may assume that the phase of O x is 1 and E is not σ-stable. Suppose for contradiction that x ∈ Supp A j for some j. By replacing E with E j for a suitable j, we may assume that x ∈ Supp A m . Since the morphism E → A m is not zero, we have Supp 
The above lemma yields the following two corollaries:
Corollary 20. Suppose that O x is σ-stable for some x ∈ C i . If a point y ∈ C i is not contained in C j for any j = i, then O y is also σ-stable. Proof. We use the induction on n. The Perturbation Lemma guarantees the existence of a stability condition σ = (Z, P) ∈ Σ satisfying Z(δ) ∈ R <0 and Z(E) ∈ R for any spherical object E, and we wish to find an autoequivalence Φ ∈ Br(D) such that Φσ belongs to U.
Proof.
Proposition 18 says that the structure sheaf O y of some point y ∈ Z is stable with respect to Φσ for some Φ ∈ Br(D). In the case n = 1, at this stage, Corollary 20 ensures that Φσ belongs to U. In the case n > 1, assume y ∈ C l and put
Corollary 21 implies that Φσ naturally induces stability conditions on D Z 1 (X) and on D Z 2 (X) respectively. Then by the induction hypothesis, we can find autoequivalences Φ 1 ∈ Br(D) 1 and Φ 2 ∈ Br(D) 2 such that Φ 1 Φ 2 Φσ ∈ U.
Note that we can regard Φ k as an element of Auteq D via the natural inclusion Br(D) j ⊂ Br(D) for j = 1, 2.
Lemmas 13, 14 and 22 imply the connectedness of Stab D.
Faithfulness in characteristic two
In this section, we prove the faithfulness of the action of the affine braid group B
n on D k in characteristic two. Throughout this section, k will be a field of characteristic two. We adopt the following approach, which generalizes to the affine case the method of Khovanov, Seidel, and Thomas [33, 41] who proved the faithfulness of the braid group actions:
(i) Consider the affine manifold
with a natural exact symplectic structure. It is a conic fibration over the z-plane whose discriminant set is the set of (n+1)-th roots of unity. Any curve on the z-plane without self-intersections starting and ending at the discriminant set gives an exact Lagrangian two-sphere of W .
(ii) There are n + 1 Lagrangian two-spheres {L i } n i=0 of W constructed from straight line segments {c i } n i=0 on the z-plane connecting the neighboring discriminant points. Let Fuk W be the Fukaya category whose set of objects is {L i } n i=0 and whose spaces of morphisms are Lagrangian intersection Floer complexes. Although Fukaya categories are not honest categories but only A ∞ -categories in general, the above Fuk W turns out to be a differential graded category with the trivial differential, since there are no non-constant pseudoholomorphic maps from a disk to W with Lagrangian boundary conditions given by {L i } n i=0 .
(iii) Let D b Fuk W be the derived category of Fuk W defined using twisted complexes. It is equivalent to the derived category
n of finite-dimensional nilpotent representations of the path algebra A (1) n with relations appearing in §3. This is the homological mirror symmetry of Kontsevich [34] for A n -singularities.
(iv) There are two ways to define an action of the affine braid group on D b Fuk W ; one is algebraic and given by the twist functor, and the other is geometric and given by the symplectic Dehn twist. They coincide by Seidel [39, Proposition 9.1], which allows us to use symplectic geometry of W to prove the faithfulness of the affine braid group action.
(v) The affine braid group also acts on curves on the z-plane. The actions of the affine braid group on curves on the z-plane and Lagrangian submanifolds of W commute with the construction of Lagrangian submanifolds from curves. 
A ∞ -categories and twisted complexes
Here we recall the rudiments of A ∞ -categories. For a Z-graded k-vector space N = ⊕ j∈Z N j and an integer i, N[i] denotes its i-shift to the left;
Definition 23. An A ∞ -category A consists of
• the set Ob(A) of objects,
• for c 1 , c 2 ∈ Ob(A), a Z-graded k-vector space hom A (c 1 , c 2 ) called the space of morphisms, and
of degree +1 for l = 1, 2, . . ., satisfying the A ∞ -relations
for any positive integer l, any sequence c 0 , . . . , c l of objects of A, and any sequence of morphisms a i ∈ hom A (c i−1 , c i ) for i = 1, . . . , l.
Since the A ∞ -relation (4) for l = 1 ensures that m 1 squares to zero, we can define the cohomology category H 0 (A) of an A ∞ -category A by Ob(H 0 (A)) = Ob(A) and hom H 0 (A) (c 0 , c 1 ) = H 0 (hom A (c 0 , c 1 ), m 1 ). To define the derived category of an A ∞ -category, we need the concept of twisted complexes. It is originally due to Bondal and Kapranov [4] in the case of differential graded categories (i.e., when m k = 0 for k ≥ 3), and generalized to A ∞ -categories by Kontsevich [34] . where I is a finite index set, c i ∈ Ob(A), and l i ∈ Z. The space of morphisms is given by
with the obvious A ∞ -operations inherited from A.
(ii) A twisted complex over A is a set ({c i } i∈I , {x ij } i,j∈I ), where I ⊂ Z is a finite index set, c i is an object of ΣA, and x ij is an element of hom
for any l, m ∈ Z. We assume x ij = 0 for i > j.
Twisted complexes form an A ∞ -category:
Lemma 25. For an A ∞ -category A, there is another A ∞ -category Pre-Tr(A) whose objects are twisted complexes of A such that the space of morphisms between two twisted complexes c = ({c
See e.g. [23] for an explicit formula of the A ∞ -operations and the proof of the A ∞ -relations.
The cohomology category of Pre-Tr(A) is called the bounded derived category of A and will be denoted by D b (A). It has a natural structure of a triangulated category by a straightforward adaptation of [4, Proposition 2] to the A ∞ situation.
Fukaya category
For a pair of a symplectic manifold M and a family {L i } i of at most countablymany Lagrangian submanifolds, its Fukaya category is the A ∞ -category whose set of objects is {L i } i and whose spaces of morphisms are the Lagrangian intersection Floer complexes. The Floer cohomology of two exact Lagrangian submanifolds is defined by Floer [21] . The A ∞ -structure is introduced by Fukaya [22] and used by Kontsevich [34] to formulate his homological mirror symmetry conjecture. The task of defining it in full generality is undertaken by Fukaya, Oh, Ohta and Ono [24] , although we do not need to get rid of the exactness assumption for the purpose of this paper.
Definition 26. A symplectic manifold M with its symplectic form ω is exact if there is a one-form
For two exact Lagrangian submanifolds L and L ′ intersecting transversally, their Floer complex hom(L, L ′ ) is defined as the k-vector space spanned by their intersection points;
When the intersection is not transversal but clean, we can find an exact symplectomorphism φ : M → M so that L and φ(L ′ ) intersect transversally. The quasi-isomorphism class of the resulting hom(L, φ(L ′ )) does not depend on the choice of φ due to the basic isotopy invariance property of the Lagrangian intersection Floer theory.
In general, the Floer complexes do not admit Z-gradings. To equip them with Z-gradings, we need the following concept of graded Lagrangian submanifolds, introduced by Kontsevich [34] .
For a symplectic manifold M of dimension 2d with a compatible almost complex structure J such that 2c 1 (M, J) ∈ H 2 (M, Z) is zero, a grading of M is a choice of (a homotopy class of) a nowhere-vanishing section
will denote the graded Lagrangian submanifold (L, s L + l). This defines a free action of Z on the set of gradings on L.
For an intersection point p ∈ L ∩ L ′ of two graded Lagrangian submanifolds L and L ′ , one can define its Maslov index µ( L, L ′ ; p). The importance of Maslov indices lies in the fact that they appear in the index theorem for Cauchy-Riemann operators with Lagrangian boundary conditions, and hence in the virtual dimension of the moduli space of pseudoholomorphic maps. See e.g. [40] for the definition and basic properties of Maslov indices. For two transversal graded Lagrangian submanifolds L and L ′ , we can introduce a 
Here, an (l + 1)-pointed disk is a pair of a two-dimensional disk D 2 with the standard complex structure and l +1 points z = (z 0 , . . . , z l ) on its boundary respecting the cyclic order, and ∂ i D 2 denotes the interval on the boundary of D 2 between z i−1 and z i for i = 0, . . . , l.
Homological mirror symmetry for A n -singularities
The mirrors of A n -singularities were introduced by Hashiba and Naka [26] , following the construction of Hori, Iqbal, and Vafa [27, 28] . Our treatment here follows Khovanov and Seidel [33] closely, which amounts to the homological mirror symmetry for C. Introduce the affine manifold
equipped with the exact symplectic structure
The fiber of the projection Equip W with the grading given by the second tensor power Ω ⊗2 of the holomorphic volume form
For an admissible curve c, the Lagrangian submanifold L c of W has an S 1 -action as a basis of the tangent space of W , and ⋆ is a term which is irrelevant for the following calculation of s Lc . Then
Hence the grading of L c admits the following description: A curve c : 
, and 
Since . The following theorem is the homological mirror symmetry for A n -singularities. Note that we do not need the assumption on the characteristic of k in the proof.
Theorem 28. There is an equivalence
Proof. We can see that there are no non-constant holomorphic maps from a disk to W with {L i } n i=0 as Lagrangian boundary conditions: If φ : 
It is obvious that for any z ∈ C × , there are no non-constant holomorphic maps φ :
Therefore the structure of the Fukaya category Fuk W is easy to describe: The spaces of morphisms are given by
where deg(e i ) = 0, deg(x i ) = deg(y i ) = 1, and deg(f i ) = 2. The A ∞ -operations are trivial except for m 2 , and e i is the identity morphism of L i for i = 0, . . . , n. Nontrivial m 2 are given by
Hence the total morphism algebra
is not only an A ∞ -algebra but a differential graded algebra (i.e., m n = 0 for n ≥ 3) with the trivial differential (i.e., m 1 = 0). Note that for any i, j = 0, . . . , n, we have
where A
(1) n is the path algebra with relations appearing in §3 and S i is the simple A has an enhancement in the sense of Bondal and Kapranov [4] . Since A (1) n is Koszul over the semisimple ring k ⊕(n+1) , the total endomorphisms DG-algebra of 
n of finitely-generated nilpotent A
n -modules. Since
n is triangle-equivalent to D k by the McKay correspondence, we obtain an equivalence
Now we discuss the symplectic Dehn twist. Let
be an algebraic torus of dimension n and D = {(a 0 , . . . , a n ) ∈ T | a i = a j for some i = j} be its big diagonal. The symmetric group S n+1 of rank n + 1 acts on T by permutations, and let S be the quotient (T \ D)/S n+1 . Consider the family
of exact symplectic manifolds over S, equipped with the relative grading given by the relative holomorphic volume form Ω = dy/y ∧ dz/z. Since any fibration of exact symplectic manifolds is locally trivial by Moser [35] ,
Figure 2: The Dehn twist τ i a loop in the parameter space S induces a graded symplectomorphism of the fiber as its monodromy. For i = 0, . . . , n, let τ i be the monodromy along the loop around a i = a i+1 as in Figure 2 , starting and ending at [(a 0 , a 1 , . . . , a n )] = [(1, ζ, . . . , ζ n )] ∈ S. Then τ i acts both on graded curves and on graded Lagrangian submanifolds, and the construction of graded Lagrangian submanifolds from graded curves commutes with this action; for a graded curve c, we have
Let Fuk W ∼ be the Fukaya category whose set of objects is the images of L i , i = 0, . . . , n by the compositions of τ j for j = 0, . . . , n. The following theorem is due to Seidel:
The above theorem also shows that D b Fuk W ∼ is equivalent to D b Fuk W as a triangulated category.
The proof of the faithfulness in characteristic two
Here we prove the faithfulness of the affine braid group action on
Since the action of B
n on graded curves and graded Lagrangian submanifolds commute, we can work with graded curves on C × instead of graded Lagrangian submanifolds of W .
The following lemma is an affine version of [33, Lemma 3.6]:
for any i, j = 0, . . . , n and any
n , then b is the identity.
Proof. Think of B This leaves two possibilities c ′ and c ′′ in Figure 3 for the homotopy class of c other than c 0 . However, we have respectively. Hence we have c ≃ c 0 .
Now we can prove the faithfulness in characteristic two:
for any i, j = 0, . . . , n and any b ′ ∈ B
by Theorem 27, we obtain b = id from Lemma 30 .
Lifting to any characteristic
In this section, we lift the above result to any characteristic. For that purpose, we consider
and the minimal resolution f : X Z → Y Z with the exceptional locus
, etc. We say that an object E ∈ D R is spherical if (i) E is quasi-isomorphic to a bounded complex of R-flat coherent sheaves on X R whose cohomology sheaves are supported at Z R ,
Remark 32. (i) Since X Z is smooth over Z, we can replace "R-flat" in the first condition by "locally free".
(ii) When R is regular, then the first condition is automatically satisfied.
For an object E ∈ D R and any noetherian R-algebra S, we put 
0 ) and the isomorphism class of E 0 is determined by these data. We construct E by lifting these data to X R . H i 0 is a direct sum of sheaves that are line bundles on subchains of exceptional curves and hence can be lifted to a sheaf 
Especially, e i (E 0 ) can be lifted to an element e i ∈ Ext 
, which is unique up to isomorphism. Then the construction yields E k ′ ∼ = E 0 and therefore E is spherical by the base change theorem.
Corollary 35.
Let E ∈ D R be spherical for some noetherian ring R. Then, the cohomology sheaves
Proof. We may assume R is local with residue field k ′ . By the previous lemma, there is a spherical object F ∈ D R with R-flat cohomology sheaves satisfying
′ , the deformation theory in [29] implies that E and F are isomorphic on someétale covering of Spec R. This proves that H i (E) is R-flat.
For a spherical object E ∈ D R , we can define the twist functor T E as a Fourier-Mukai transform with respect to {E ∨ ⊠ E → O ∆ }. Then, for any R-algebra S, the base change theorem (see [6, §2.1] ) implies that the twist functors T E and T E S commute with the functor · L ⊗ R S : D R → D S . In particular, for a spherical object E in D Z , we have the following commutative diagram:
Recall that k is the base field of any characteristic. Thus for an element b of the affine braid group, we have autoequivalences 
is a Fourier-Mukai functor which sends the structure sheaf of a closed point to the structure sheaf of a closed point. Since ρ F 2 (b) acts as the identity functor on objects supported outside the exceptional set, ρ F 2 (b) is isomorphic to a functor of the form · ⊗ L for some line bundle L on X. The fact that ρ
shows that L must be trivial.
Connectedness of Stab C
In this section, we prove the connectedness of Stab C. Our strategy is the following:
(i) First we prove Lemma 37, which states that any spherical object of C can be obtained from O C i (−1) for some i = 1, . . . , n by the action of Br(C). This shows, on the mirror side, that any spherical object can be represented not only by a twisted complex of graded Lagrangian submanifolds but by an honest graded Lagrangian submanifold of W obtained by twisting L 1 , . . . , L n along themselves. This opens up a way to use topological arguments on configurations of curves on a disk to tackle the problem of the connectedness of Stab C.
(ii) Let Σ be a connected component of Stab C. By Lemma 15, we can find a stability condition σ = (Z, P) ∈ Σ such that Z(E) ∈ R for any spherical object E ∈ C.
(iii) Let {E 1 , . . . , E m } be the set of simple objects of the heart P((0, 1]) of the above stability condition. Then m = n and {E 1 , . . . , E n } forms an A n -configuration with a suitable order.
(iv) The homological mirror symmetry allows us to use a topological argument on a configuration of curves on a disk to find an autoequivalence Φ ∈ Br(C) which brings E i to the standard generator O C i (−1) simultaneously for all i = 1, . . . , n in characteristic two. Then the lifting argument in §6 allows us to prove it in any characteristic.
(v) The above autoequivalence Φ brings σ to Φσ which belongs to the distinguished connected component of Stab C studied by Bridgeland.
Since the action of Br(C) preserves this connected component [11, Theorem 1.1], Stab C is connected.
Normalizing spherical objects
The following lemma follows from the result in [30] :
Proof. First note the fact that E ∈ C if and only if H j (E) ∈ C for any j by [8, Lemma 3.1] . Combining this with the proof of Proposition 1.6 in [30] , we can show that for a spherical object E ∈ C with l(E) > 1 1 there is an autoequivalence Φ ∈ Br(C) such that l(E) > l(Φ(E)). We can check that the spherical object E ∈ C with l(E) = 1 has the form
A n -configurations from stability conditions
Fix a connected component Σ of Stab C. We can show V (Σ) = Hom(K(C), C) in just the same way as in the proof of Lemma 15. Hence we have a stability condition σ = (Z, P) ∈ Σ such that Z(E) ∈ R for any spherical object E ∈ C. Then Im Z determines a Weyl chamber and the corresponding simple root basis. We prove that for such a stability condition, the set of all simple objects in its heart P((0, 1]) forms an A n -configuration whose image in K(C) is the simple root basis.
Lemma 38. Let σ = (Z, P) ∈ Σ be a stability condition such that Z(E) ∈ R for any spherical object E ∈ C. Then the set of all simple objects in P((0, 1]) consists of n mutually non-isomorphic elements. Moreover this set forms an A n -configuration of spherical objects in an appropriate order.
Proof. Note that a simple object in P((0, 1]) is always stable and any stable object in C is spherical by Lemma 6. Moreover, the class of a stable object in P((0, 1]) is a positive root. Thus P((0, 1]) is a finite length category.
If two simple objects E 1 , E 2 ∈ P((0, 1]) determine the same class in K(C), then χ(E 1 , E 2 ) = 2 holds and we have E 1 ∼ = E 2 . Hence, the set of simple objects in P((0, 1]) injects into the set of positive roots; in particular, it is finite. Let E 1 , . . . , E m be the set of all simple objects in P((0, 1]). Then P((0, 1]) is the smallest extension closed subcategory of C containing this set, since it is of finite length. If i = j, then we have Hom
≤0
C (E i , E j ) = 0 since E i and E j are mutually non-isomorphic simple objects of the heart. Then the Serre duality implies
First we show that E 1 , . . . , E m is a linear basis in K(C) ⊗ Q. Assume that we have an equality
Then (6) implies
and we obtain α = 0. Since [E i ]'s are positive roots, we obtain a i = 0 for all i. Thus they form a basis of K(C) ⊗ Q. In particular we have m = n.
To show that E 1 , . . . , E m forms a simple root basis of K(C), let α ∈ K(C) be any root and
Then we can use (6) to see
Since α is a root, either α 1 or α 2 is zero. Hence E 1 , . . . , E m forms a simple root basis. Consequently the set E 1 , . . . , E n with a suitable order forms an A n -configuration of spherical objects.
Normalizing an A n -configuration
Here we prove the following lemma: Lemma 39. Let (E 1 , . . . , E n ) be an A n -configuration of spherical objects in C k , and assume that for any i, there is an element Φ ∈ Br(C k ) such that
Proof. We use the mirror of C introduced by Khovanov, Seidel, and Thomas [33, 41] . It is defined as the deformation
of the A n -singularity, equipped with the symplectic form given by restricting the standard Euclidean Kähler form on C 3 . The grading of V is given by the holomorphic volume form Ω = dy/y ∧ dz. There are n graded Lagrangian
of V , where L i is the Lagrangian submanifold coming from the line segment c i from i−1 to i on the z-plane using the conic fibration
in just the same way as for W . Let Fuk V be the Fukaya category of V whose set of objects is
Fuk V is equivalent to C by the intrinsic formality of Seidel and Thomas [41, Lemma 4.21] . We fix this equivalence by identifying O C i (−1) with L i for i = 1, . . . , n.
Now we prove Lemma 39 in characteristic two. Then the lifting argument in §6 shows that it holds in any characteristic. The assumption
Fuk V is isomorphic not only to a twisted complex of graded Lagrangian submanifolds but to an honest graded Lagrangian submanifold constructed from a graded curve d i in C whose endpoints lie in ∆ = {0, . . . , n}. Since (E 1 , . . . , E n ) is an A n -configuration, the geometric intersection numbers between the curves d i satisfy
by Theorem 27. This shows that d i intersects d i−1 and d i+1 only at its endpoints, and does not intersect any other curve d j with |i − j| > 1. Such a configuration of curves can be taken by the action of some g ∈ Diff 0 (C; ∆) to the standard configuration (c 1 , . . . , c n ) so that g(d i ) ≃ c i for i = 1, . . . , n. Since π 0 (Diff 0 (C; ∆)) ∼ = B n , this suffices to show that there is an element Ψ ∈ Br(C) such that Ψ(E i ) ∼ = L i .
The proof of the connectedness of Stab C
Here we finish the proof of the connectedness of Stab C. Let S i be the simple A 
n ) induces a bounded t-structure of C with heart A. For any connected component Σ of Stab C, take a stability condition σ ∈ Σ such that Z(E) ∈ R for any spherical object E ∈ C. Then σ gives an A n -configuration (E 1 , . . . , E n ) by Lemma 38. Applying Lemma 37 and Lemma 39, we can find an autoequivalence Ψ ∈ Br(C) such that Ψ(E i ) ∼ = S i . Then the heart of Ψσ coincides with A and hence σ belongs to the distinguished connected component studied by Bridgeland in [11] . 
A. Definition 40. A collection {P i } i∈Z of objects in A is an ample sequence if for any object F ∈ A, there is an integer N such that for any integer i smaller than N, the following conditions are satisfied;
(i) the canonical morphism Hom A (P i , F ) ⊗ P i → F is surjective, n has an ample sequence, then we can apply Proposition 41 to obtain the equality (7). But unfortunately, not all simple objects F of mod 0 A (1) n can satisfy the condition (iii). We rather consider coh Z X. Although no sequence in coh Z X satisfies the conditions (i) and (ii) simultaneously for F = O x , we can weaken the condition (ii) in the following way:
Definition 43. A sequence {P i } i∈Z of objects in A is a weak ample sequence if for any objects F, G ∈ A, there is an integer N such that for any i < N, the condition (i) and (iii) in Definition 40 and the following condition (ii)' are satisfied;
(ii)' there are a natural number l and a surjection ϕ : P A.2 A weak ample sequence in coh Z X
Here we prove the equality (7). First we show that coh Z X has a weak ample sequence. Consider Z as the fundamental cycle with its scheme structure.
Lemma 45. Let H be an ample divisor on X such that the divisor H + Z is ample and put
for i ∈ Z. Then {P i } i∈Z is a weak ample sequence in coh Z (X).
Proof. Let F and G be objects of coh Z X. We show that there is an integer N such that the conditions (i), (ii)', and (iii) hold for any integer i smaller than N. (ii)' Since Ext 2 X (P i , F ) = 0 for sufficiently small i by (iii) and the Serre duality, we can assume that j = 1. Take a negative integer N 1 such that the canonical morphism ϕ : Hom X (P i , G) ⊗ P i → G is surjective for any i < N 1 . We will prove that there is an integer N < N 1 such that for any i < N and any extension 0 → F → E → G → 0.
of G by F corresponding to e ∈ Ext 1 X (G, F ), the extension 0 → F → E ′ → Hom X (P i , G) ⊗ P i → 0
corresponding to ϕ * (e) = e • ϕ ∈ Ext 1 X (Hom X (P i , G) ⊗ P i , F ) splits.
First note that if one takes a sufficiently small i so that F and G are O −iZmodules, then E is an O −2iZ -module for any e ∈ Ext 1 X (G, F ). Hence there is an integer N 2 < N 1 such that E, F , and G are O −iZ -module for any i < N 2 . Since H is ample, there is an integer N < N 2 such that Ext 
